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A Proposal for a Coordinate
Independent Definition of
1D Supersymmetry

{ Mg}

{M.}

Let R! represent the real line, {B} a set

of commuting maps, and {F} a set of anti-
commuting maps ( B € {B} and F € {F})
B:R! — D) |GR(d, N)

F R = Dy [GR(d, V)]
where D}y and Dyy) are reps of GR(d, V)

2



Definition of GR(d, N)

V1, and Vp real d-dimensional vector spaces

equipped with Euclidean inner product struc-
tures ¢ € Vy Y € Vg

(M} AMpB} {U;}, {UR}, linear maps
Mpe{Mpy, Mpe{Mr} U e{UL],
Ur € {UR}
Mp:Vp =V, , Mp:Vr — Vp ,
U Vy, — Vy , Up:Vp — Vp
dim{ M} =dim{Mp} =dim{U} } = dim{UR}
= d%
MpoMyp :Vp — Vp
MpoMp:V; — Vi |
These imply
MpoMp € Ur
MpoMp € Uy
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{L} € (Mg} and {R} € {Mp},
rank({L}) = rank({R}) = N < d?
Let o and 5 be fixed vectors in RN then
L(a) € {L} and R(B) € {R} describe fixed

elements in each subset.
We impose the requirements
L) o R(®) + L(B) o R(a)
- 2(a, B) Ly,
R(a) o L(B) + R(B) o L(a) =
- 2(a, B) Ly,

)
where 1y, and ly, are the identity maps
acting on the respective vector spaces Vr
and Vp and («, 3) is the Euclidean inner
product of o and (3.

Finally, there is one other condition to be

imposed. For all ¢ € Vy, and ¥ € Vp we
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require

(@, L) :¢) = = (Rl@) 9, ¢) , (2)
where ( , ) denotes the Euclidean inner prod-

uct imposed both Vy, and Vp.

With a specific choice of coordinates, con-
ditions (1) and (2) define a set of matrices
that are generalized (G) real (R) versions of
the Pauli matrices used in physics. There-
fore, the algebraic structure defined by (1)
and (2) has been given the name GR(d, N).



Ubiquitous Realization of SUSY
Two maps such that dim(B) = dim(F)

form a representation of supersymmetry if;
ogle)oB = il(e)o F |

B dB
Sol)o F = Rle)o =2

(where € is an element of an anticommuting

algebra) then implies

[5Q(61) | 5Q(62)} Y:

db

— 12 (€q, 62)@ ,

[542(61) » 5@(62)} oF =

dF

— 12 (617 62) E 3

for two such anticommuting elements e and

€o> and
0p(€1) 0 dglea) — dglea) o dgler) =
[562(61)7 oglea)|
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Example (1)
(B} : R - V; and {F} : Rl - Vp.

In this case, there are introduced functions
¢i(7) for {B} and v, (1) for { F} along with
equations
LiRp + LpRy = —20gpl
RiLp + RpLy = — 20rpl

)

So i = i€t (LK)@'jw; ,
o, = — € (Rg);? 0r¢j



Example (2)
(B} :R' = Uy and {F} : Rl — Mp.

Oppe{Ur}t , Vi, €{ Mg}

562(1)]{[ = Z'EI(LI)A;E\I/EZ ,
[ pl
0V, = —eR )]%537@“ :

For a fixed value of A there is a mini-
mum value d s such that d s x d s matrices
faithfully represent this algebra. This is il-
lustrated by a tollowing table.

We first write
N =8m + n

with



and use the definition N =8k — m =k -
lfork=1,2,...

(1)

S
o
X

w0 | |l o e W o e
| o | o |l oo | |k

Table 1

This is the Radon-Hurwitz tunction as noted
by Pashnev & Toppan and can be used to

write
dN = 16mFRH<n)
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Using A Matrix Representation to
Define Basis Elements

Consider real matrices (with [ = 1,
N +1):

where n!J = diag(1, ..., 1, —1).

~»

Projection Operator
Py = H(I £ V)
L/ R Definitions
L, = Py P- , R = Py Py,
withl =1, ... N

LR, + L R = =25, Py |
R L, + R, L, = —251KP_ ,
VILK=1-- N
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For ordinary ~-matrices, it is customary
in most of the physics literature to use a
“wedge” product to complete the algebra of

all v-matrices to a covering algebra.

T} = {L A A A A2 A b,
. le A A 7[/\/+1}

Normal Type (QN = (dpar)?)

T} = {L 2 A A2y A A ab,
L le A-ee A 7[/\/+1} @
(D, y!'D, 41" A 42D,
”y[l A 7]2 A ”YISD;
L le Ao A 7[N+1D}
Almost Complex Type (ZN =2 (d N)Q)

D anti-commutes with others and satisfies

D? = -1
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T}y = {L o/ A A A2 4l Ayl A Al
- fy]l /\/\ fy[./\/‘-Fl} @
{9, 41 &% At A ylgd
’}/]1 A 7]2 A ’}/]35&,
Qtlaternionic Type (2N =4 (d A7)
EY commutes with others and satisfies

ghgh — 00T 4 L4077

Okubo
As one changes N the type of covering

algebra changes according to the tfollowing
table.

12



GR(dar, N) EGR (dpr, N) generators Type
GR(8,8) I N
GR(8,7) fi N
GR(8,6) /i, D AC
GR(8,5) fi, €9 Q
GR(4,4) fi, €° Q
GR(4,3) fi, €° Q
GR(2,2) fi. D AC
GR(1,1) f N

Table 11
EGR = {Mp} @ Mg} S UL} DUR}
For the C'(N, 1) Clifford algebras we can

always find a basis such that:

N+1)T _ ,YN+1

(W= —4
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then it follows that:
T T T _ 1T pT
LI:(P—F/YIP—) :P—/YI P—|—
= —P_’}/IP+ — _RI
Defining the P+ as before leads to four
classes of matrices that we denote by {Uy },

{Mp}, {Ur} and {Mp}. In the normal

case these are
{Ury = { Py, Pryy Py, PoyaiPrt

{Mry = {P'P- ..., Poyy—P-}
{Upy = {P-, PAVP_ ..., Py P-1
{MR} — {P—71P+ RRES P—fy[_/\/’—l]P—F}

Obvious identifications of {Uy}, {M[},
{Up} and {Mp} can be made in the AC

and () cases.
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Example (3)
{F}) Rl - M; & Mp
{B}IRl —Ur O Up.

AN

S P N I P N
5Q(Dkl = Z{E (L )]{B\Iflgl + € (L )lgqjk-é} :

[ I/l I P N PN
bW, = | — R 100y + @ (L)/@chw}

- [ [y 0 a3 i
Sl = | — L 9,8, - (R )ZfachM}

5ob; ;= i [el R ‘0, — & ®Y ‘v, } |
Since GR(2,2) is an almost complex case
its possible ‘remove’ elements in { M}, {Mp},
{U;} and {UR} that depend on the almost

complex structure D.

We introduce four 7-dependent “fields” W L7
\Ij]%l’ ®;.; and CI)]%ZA so that

\I/kZE {ML}/D ) \D/%l S {MR}/D y

O e{Up}/D P, €{URY/D
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Here ®;.; together (i)l%i correspond to {B}
while W L together with W i correspond to
{7}
[n GR(2,2) we can use the following con-
ventions and identities:
LIRY = oW1 4 g
RIV = — gV 4 M

AN

Trf* = Tr[f*] = 0 ,
(f) = (f = —1

In order to define component fields we ex-
pand the GR(2,2) fields in the following

Imarltller:
_1
Orp= 1058 + {(f )1 (07) G
S O
\Ij];.l - ?R]%lw 9

= C ; —1
q)/AcZA %(SI%ZAA + %(f*),jﬁi(&) F :

aS

[ 71
LMA@D 9

=)

Kl —
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SoA = i + iey |
SoB = iy — qeg
Sov' = €0, B + o, A

— ddlag + & :
So¥' = — €0-A + €0-B

+ delr + ddla :
ooF = iele o @@‘] + idea. w‘] :
oG = —iddlo ) — ido. )]
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SoA= —ie Pl —iefy? + eyl 4 iy
boB=ie ¢! +iety? +id Pl + et
St = €'0- B + G + €0 A — €F |
S’ = €€0rB — ¢! G + &0, A+ €' F |
St = —€'0-A — ¢ F + é0,B - &G,
Sop? = —€0r A+ € F + &@0,B+ G,
ool = i€l Oy 0 — ie” O b

+ et O — i 0t
50G = —iet O ¢p* + i€® Or b’

+oiet 97 — it ot
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Colorized Transformation Laws

00A = —iez@l — 1 zﬁQJrieleri wz :

doB=iep! +icp® +iedt +icy? |

St = €0rB + ¢G + €0r A — ¢ F |

So* = c0;B — ¢G + cO; A+ €F |

Sopt = —€dr A — ¢F + €9;B — <G |,

So* = —c0r A+ ¢F + c0:B + ¢G |

SoF = icdrp* — icory!
+i687¢2—i (%@Dl ,

50G = —iedrip* + icp i)
+icd-? — icOrt .
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Physical bosonic fields A and B engineer-
ing dimensions —1/2

Physical fermionic fields ¢!, ! 1@3 and
1&4 engineering dimensions 0.

Auxiliary bosonic fields F' and G engineer-
ing dimensions +1/2 .

Height = Engineering Dimensions

All nodes of the same height are drawn

horizontally.

Nodes with different height assignments

drawn accordingly.

‘Skeleton’ of the Adinkra
Fo oG

o ® -
P Syl
A° °B
The next step is to introduce color edges

which follow from colorized transtormation
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laws

‘Peacock mode’ of the Adinkra

For some purposes, it 1s not necessary to
display this level of detail. In this case,
nodes may be ‘collapsed’ upon one another.

For example, the fully collapsed version of

21



this Adinkra is given by

2
4
2

where the numbers next to the nodes signify

their respective multiplicities.

‘Rampant peacock mode’ of the Adinkra
Solid lines indicate positive coeflicients

Dashed lines indicate negative coeflicients.
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Holomorphic Structure
So(A+iB) = i(e+ie)( +ipth) |
il + i) (Y + 7))
SoW! +iht) = (e —ie)o-(A+iB)
—(c +i)(F +iG) |
S0 +i?) = (c —i)0r(A+iB)
+(e +i€)(F +1iG)
So(F +iG) = —i(c —i)dr (' +idl)
+i(e — i€)0p (¢ + iWp?)
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Taking the complex conjugate of these equa-

tions, we obtain

S(A —iB) = —ile — i)y — i)
—i(c —ie)(* —ip?)

St — i) = (e +ie)dr(A—iB) |
—(e —ie)(FF —1iG)

b — i)?) = (c +i)0r(A—iB) |
6Q(F —iG) = i(c +ic)0-(¢" —igp) .

which, by definition, corresponds to the 4D,
N = 1 anti-chiral multiplet.

24



Complex conjugation of the analytic form

of the transformation laws corresponds

to the exchange of solid-red/solid-orange
edges for dashed-red /dashed-orange edges and

vice-versa.
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One can start by considering any standard
formulation of the 4D, NV = 1 chiral multi-
plet.

Followed by performing a toroidal reduc-
tion on a O-brane and the results that emerge

are isomorphic to those above.

1D model as the ‘shadow’ of the 4D, N =
1 chiral multiplet.

The way in which the holomorphic param-
eters ((e + i€) and (¢ + ic)) and their anti-
holomorphic conjugate parameters ((e — i€)
and (¢ — i¢)) appear in the transformation
laws of is exactly as required for the fields
to describe the dimensional reduction of the
usual 4D, N = 1 chiral multiplet on a 0-

brane.

A Road to Higher Dimensions: “Root
Superfields” in GR(d, N)



Any superfield expanded over matrices as-
sociated with GR(d, N') or EGR(d, N) has

the forms

Definition of Root Superfield

~

&= (0991 + [(0,)26, ] f1*
+ [(87)a4¢11 I21314]]"11 bplgly .,
T [0y, ) fh
b0, ) f1

for non-positive integers aq, ai, etc.
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A Proposal for Holographic Encod-
ing of Higher D
Consider the 2D, N = 1 scalar superfield
X070, 7,0) = X(1,0) + 0" Y. (7,0)
+ 0~ Y_(7,0)
+ 070" F(r,0)
SUSY Variation
00X = ety + e Yl
0+ = i€t 0 X + ie F |
oQY— = i€ JX — e F
ooF = — [0y — € 0.4y ]
00,5 00, = —i2[€e €5 0 +e;e5 0] .
Reduction to 1D yields
X0, 07, 7) = X(71)
+ 07 i (7)
+ 07 ¢(7)
+ 430707 F(1)

28



Usual SUSY Variation (reduced)

00X = ety + e Yo
0QY+ = et 0r X + ie F |
0oQY— = i€ Or X — et

ooF = — [ 07— — € Oripy |

100, 00, = —i2[ef 65 Or+€] €5 07 ] .
Start with a root superfield valued over the
normal part of Uy (2, 2) & M (2, 2)
b= (@)1 + [0r)20, ] f 12 |
U = [(67)04@911] fh
Make identifications ag = a1 = 0, a9 =
—1 and
al = <€+7 €—> ) wl — (w—l—a w—) 9
=X qu112 B €I112F
Same results obtained from algebraic 1D

approach!
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Conjecture 1.
All superfields that provide a linear
representation of spacetime supersym-
metry in all dimensions can be repre-

sented as Clifford-algebraic root su

perfields.

EoM & GR(d, N)
F=0 —

8¢¢— =0 Q@M = 0

V- = Y_(o) , Yt = Pi(o)

00X =0 ,

whose solution is given by

X = Xg(o) + Xplo)
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()] = € Pilo)
0 [¥4(0)] = ie" 0. X (o)
()] =€ v(o) ,

0g|¥-(07)] = ie” 9 Xp(o)
“What GR(d, N') Clifford-algebraic super-

fields can re-produce these results?”

X7 and 14 form one representation and

Xp and ¥_ form another.
Clifford-algebraic superfields that produces
these transformation laws € EGR(1, 1).

Conjecture I1.

If an on-shell supermultiplet is em-
bedded into a representation of
EGR(dnr, N), then an off-shell re-
presentation of this supermultiplet
is embedded into EGR(dops, 2N).
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GR(d, N) in On-Shell SUSY Abelian
VM

3D N-extended SUSY Abelian Theory
S3pvM = / A’z [ — 1F*°F,,
+id TN (09) 4 50,0 K
(0B, (2uBY) |
Variations
5Q5ij — cal(L

k[ sky J
)k {62 )‘&k

Clgdy
d (5@A&k},

[

S A i = € (R ) (1 Dag | 948;"
+ e Ry |

SoAa= i el (L* (a)as M)
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M@ = R, @)

ak k
AN @)+
. _Czq%rm(fh...lgqﬂ)]%k @11”.12%1(:6)
(Aa(), B (x)) e U
A Fx) e My
Superspace gauge covariant derivatives
Va= (V,; Va)
Vo= Dy + gl “ts

ts denote a set of Abelian generators and
satisfy (t5)* = — (t4).
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[V@I a vﬁj} = i251J(WQ>aﬁVQ
+ i4gCag(f);' B/
Vo Vot =29 (o’ (L" Az ta
[V, Vi) =igFta
Superspace Bianchi identifies satisfied if

(fIJ)pr (LK)TQ - 5JK<LI)pQ
+ 0 (L)p?

+ <f1JK)pq y
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Conjecture 1I1.

The constraints to which all irre-
ducible superfields in all dimensions
are subjected insure that irreducible
supermultiplets are also irreducible
representations of the GR(d, N)

algebra.

Conjecture 1IV.
All superfields that provide an off-

shell linear representation of N -

extended spacetime supersymmetric
field theory for D-dimensional Min-
kowski spaces (with D > 1) can be
embedded in the representations of
the C(N + D — 1, 2) Clifford-algebra
with a projection of the dependence

on the second temporal coordinate

taken to zero.
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The 4D Chiral Multiplet & Beyond

Ve {Mp} , U, e{Mp},

Oppe{Urt , P €{UR}
Expand the EGR (2, 2) fields in the following

Imanner:
Py = 305 B + 1€ Nr1(0-)7'G
b= 30,A + 1(e- f)(0r)F

k kl kl
o1 I |

\Dkl szlw 9
T _ 17l a1

Vi QLkﬂp

Clifford-algebraic law produces the usual chi-
ral multiplet transformations (after minor

redefintions)!

Let us call the quartet of fields

q)/ﬂ ko
\Ij/Aﬂ ks \I’/ﬂf@
)

k1 ko
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a rank two representation. Obviously higher

rank ones are possible.

The n = 4 representation seems appropri-

ate to describe the 4D, N' =1 VM

Drey ey ks Ky

q’élkgkm q’klégkm \I’klkzizgm \I’klkgkga
CI)];‘l]%ng/@l q)i%lkgifeg/% q)l%lkgkg/fm

%1/%2/%3/@4 q)kllzgkg/%4 q)klkgifeg@

Viiboiohs Viihokshy Vhikohghy Vo ks by
O

ke ko kg ey
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It can be seen from our previous table the
rank four tensor possesses “components” ten-
sors for the representation fall into the pat-
tern of the binomial coefficients. This is a

feature that is expected to occur in general.

We conjecture that all 4D, N = 1 off-shell
supermultiplets are associated with higher
even-rank tensors of EGR(2, 2).

Smar = %Ran/@(tensar) = %n

Understanding in detail how higher M -extended
and higher D supermultiplets are associated

with these Clifford algebras is a future task.

We end the talk by showing that there is
already evidence that on-shell 4D, N/ = 8

SG shows such a relation.
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GR(8, 8) enveloping algebras

I Iol51y

Up =L Jip fit Ur =1L Fip P
Mp={Ffufits Mr=1{Ff Fixt
Algebraic element | Spin | Degeneracy
Uy (T) 2 1
Up(T) 2 1
Mp(f}) 3/2 8
MG(f) 328
Ur(f,,) 1 28
Ur(f,) 1 28
M(fy11,) 1/2 56

R ) 1/2 56
Us ( 5121314) 0 35
Up( f@w) 0 35

Table III
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s = (2—4p)
where p is the rank of the generator.

Adinkras can be obtain for all supersym-
metrical representations by applying a pro-
jection that retains only the temporal de-

pendence of the higher dimensional field.

In this way Adinkras and the GR(dpr, N)
algebras are universal to supersymmetrical
theories. In fact the GR(dyr, N) algebras
appear to play a role for supersymmetrical
theories that is analogous to that of the Weyl
‘little group’ for non-supersymmetrical field

theories.
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The Appearance of Topology of

Representations

It was likely not obvious, but the one ex-
plicitly studied representation strongly sug-
gests that there is an important role to be
played by topology.

Closed loops can be constructed on the

demonstrated Adinkras.

A particularly interesting class of loops are
those which describe closed paths that only
utilize two colors. For every such path one
encounters an odd number of minus signs.
Thus, the product of signs seems to be sim-

ilar to a topological index.

To date our DFGHIL collaboration has
found that this rule is violated in at least one
case...the so-called ‘hypermultiplet.” The vi-

olation of the topological rule seem corre-
41



lated with the appearance of a structure known

as ‘an off-shell central charge.’

Presently the collaboration is studying the
manner in which the topology of Adinkras is
correlated with the appearance of new rep-

resentations.

For example, the only other topology that
is encountered in the case of N' = 4 has the

structure

An evaluation of this in terms of its com-

ponent field structure shows that it is pre-
cisely the shadow of the 4D N = 1 vec-
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tor multiplet. These two distinct topologies
stand in correspondence to the decomposi-
tion the of scalar superfields of 4D N =1

theories.

It seems very likely that the problem of
finding all irreducible off-shell and linear rep-
resentation is equivalent to the study of the
topologies of a certain class of Adinkras. I
hope to be able to report on this in the fu-

ture.
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